-Introduction
The exponential of the Cauchy transform of a function of a real variable appears in the canonical representation, of several classes of analytic functions in the upper half-plane. One of these representations was used by R. Nevanlinna in his study of the moment problem on the line; later the same exponential expression was related to perturbation determinants of selfadjoint operators, see [K-N, Appendix] . The present paper is devoted to the analytic aspects of a two-dimensional analogue of exponentials of Cauchy transforms which have appeared in operator theory as a generalization of perturbation determinants. A specific instance of such a generalization is a formula, due to R. W. Carey and J. D. Pincus, for the determinant of the multiplicative commutator resolvent for a pure hyponormal operator T with rank one self-commutator. It reads as 508 follows.
In this formula the function g satisfies 0 g 1 and is a kind of "spectral parameter", called the principal function, of T and it characterizes T up to unitary equivalence. The right member of (1.1) is what we call the exponential transform of g.
Quite independent of its operator theoretic importance the exponential transform turns out to be both interesting and useful from a pure function theoretic standpoint. This is basically the point of view we take in the present paper. First, in Sections 2 and 3, we derive some basic properties of the exponential transform and give a number of examples, mainly from the theory of quadrature domains.
Our main results then appear in Sections 4 and 5, and they concern analytic continuation properties of the exponential transform and applications of this to regularity questions for free boundaries. In fact, we prove that if the Cauchy transform of a domain Q has an analytic continuation from outside S2 across then the same will be true, in both variables, for the exponential transform w) of g = XQ.
If F(z, w) denotes this analytic continuation (F will be analytic in z, antianalytic in w) it follows, using that 0 in Q and on (most of) that Thus a S2 is contained in a real analytic set. This is the kind of regularity statement we obtain for boundaries a S2 admitting analytic continuation of the Cauchy transform. Then one can easily go further to obtain complete classification of possible singular points on a 0, but this we do not discuss because all this has already been done.
Indeed, there is a complete regularity theory for free boundaries in two dimensions of the type we are considering here, due to M. Sakai [Sa3] , [Sa4] , [Sa5] . Sakai [D] , [Sh2] . Since Q (z, z) = 0 on a S2 it follows from (3. As a special case our result applies to many two-dimensional free boundary problems in mathematical physics, e.g. the obstacle problem (with analytic data), the dam problem, Hele-Shaw flow moving boundary problems etc. Indeed, in' these problems one usually has more information about to start with, namely (translated to our context) in addition to our assumption (4.2) one has u = 0 on Ql, u &#x3E; 0 in Q B K where u is a certain real valued potential of XQ -ji (so that au = XQ -p). See [Ro] , [Sa5] for details.
Note, however, that our regularity result is not new. Sakai [Sa3] , [Sa4] starts from even weaker assumptions than we do. We essentially need a Schwarz function S(z) satisfying the estimate (4.8) below whereas Sakai merely assumes continuity of S(z). Also, we do not pursue the detailed analysis of possible singularities of aS2 since this was done already in [Sa3] , [Sa4] . Next, following Ahlfors [Af] and Bers [Be] we choose a nondecreasing function 1/1 E C °°R) satisfying 0 1/r~ 1, 1/1(t) = 0 for t 1, 1/1(t) = 1 for t &#x3E; 2 and define cut-off functions by
for z E Q, o/n (z) = 0 for z E Qc (n -1, 2, ... It is allowed in the lemma that part of a D agrees with aQ but then this part of aQ must be smooth. Without that smoothness the result of the first computation of the proof is still valid. This gives a more local version of the lemma which applies e.g. to D = S2 B r), Zo E a Q, r &#x3E; 0, whenever there exists a Schwarz function as above in Q n r).
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The following crucial lemma is due to L. Caffarelli, L. Karp, A. Margulis and H. Shahgholian. For completeness we include here most of the proof. The main idea is found in [K-Mg] . It is based on an estimate by Caffarelli [Ca] which has been generalized to our situation by Shahgholian (unpublished) . The last statement (b) is due to Karp (unpublished) . The lemma generalizes in a natural way to higher dimensions. (see (2.10) for the notation). PROOF. By Lebesgue's theorem, almost every point of aQ c Q' is a density point of Q'. Moreover, XQ is differentiable at almost every point [Cd-Z] , [Re] . For the first statement of the lemma it is therefore enough to prove that the set of points z E at which both of (i) QC has density one at z, (ii) XQ is differentiable at z hold has measure zero. We shall prove that this set is actually empty.
From this it will also follow that Z is empty, because (i) and (ii) do hold for every z E Z. For (i) this was remarked after (2.11) and for (ii) we have, using the same arguments as in the proof of Proposition 2.7 (the final estimates) or directly invoking e.g. [St, , that We thank L. Karp and the referee for useful comments in this context. Now, to prove that (i) and (ii) are contradictory, let .z E be a point satisfying (i) and (ii). We may assume that z = 0. By (ii) is differentiable at z = 0, i.e.
(Izl ( ~ 0). Using (i) 
